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2

Answer all questions.

Answer each question in the space provided for that question.

1 A gardener decided to compare the variability in the heights of sunflowers grown on

the sunny side of her garden with the variability in the heights of those grown on the

shady side of her garden.

She selected a sample of 13 sunflowers on the sunny side and a sample of

10 sunflowers on the shady side of her garden. She measured the height of each

sunflower, in metres, correct to two decimal places. Each sample may be regarded as

a random sample.

The independent random variables X and Y denote the height, in metres, of

sunflowers grown on the sunny side and on the shady side of her garden respectively.

You may assume that X and Y are normally distributed with variances s
X
2 and s

Y
2

respectively.

The following results were obtained.

X
ðx� �xxÞ2 ¼ 4:68 and

X
ðy� �yyÞ2 ¼ 8:10

(a) Calculate unbiased estimates of s
X
2 and s

Y
2. (1 mark)

(b) The gardener believed that the height of sunflowers grown on the shady side was

more variable than the height of sunflowers grown on the sunny side.

Carry out an F-test, using a significance level of 5%, to test this belief. (6 marks)
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Answer space for question 1
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2 The random variable X has a geometric distribution with parameter p. It is given

that VarðX Þ is four times EðX Þ.

(a) Show that the non-zero value of p is 0.20 . (3 marks)

(b) Hence find:

(i) PðX > 7 j X > 4Þ ; (3 marks)

(ii) the least integer n such that PðX > nÞ < 0:0001 . (4 marks)
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3 The differences, di , between 8 pairs of readings in a paired-sample t-test gave

d ¼ 0:1625 . The result of this test, which was one-tailed, was just significant at the

10% level of significance. The conclusion was therefore that one mean value was

likely to be greater than the other.

(a) Find the value of s that was used in the test, where s2 is an unbiased estimate of s2 ,
the variance of the population of differences. (5 marks)

(b) Hence construct a 95% confidence interval for s. (5 marks)
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Answer space for question 3
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4 The random variable X has an exponential distribution with mean m. The cumulative

distribution function of X for x5 0 is given by

FðxÞ ¼ 1� e
� 1

m x

(a) Find an exact expression for the interquartile range of X in terms of m. (5 marks)

(b) Prove, by integration, that EðX 2Þ ¼ 2m2 . (4 marks)

(c) Show that the standard deviation of X is less than the interquartile range of X .

(3 marks)
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Answer space for question 4
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5 An office worker believed that, on average, his journey time from home to the office

in the morning was longer than his journey time back home in the evening. In order

to test this belief, he recorded his journey times, to the nearest minute, for a random

sample of 8 morning journeys and a random sample of 10 evening journeys. The

results are summarised below.

Mornings n ¼ 8
P

m ¼ 204
P
ðm� mÞ2 ¼ 470

Evenings n ¼ 10
P

e ¼ 180
P
ðe� eÞ2 ¼ 300

(a) State two assumptions that need to be made so that an independent-samples t-test is

valid. (2 marks)

(b) Making these assumptions, investigate, at the 2.5% level of significance, the office

worker’s belief. (9 marks)
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6 Gwyneth, a retired maths teacher, believes that the number of emails that she

receives each day can be modelled by a Poisson distribution. She records the number

of emails received each day for a random sample of 100 days. The results that she

obtains are as follows.

Number of emails per day 0 1 2 3 4 5 6

Frequency 11 28 25 16 9 8 3

(a) Calculate the mean number of emails that Gwyneth received each day. (1 mark)

(b) Complete the following table of expected frequencies for a Poisson distribution with

mean equal to that calculated in part (a).

Number of emails per day 0 1 2 3 4 5 56

Expected frequency 11.08 24.38 26.81

(3 marks)

(c) Perform a w2-test, at the 10% level of significance, to investigate Gwyneth’s belief.

(7 marks)
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Answer space for question 6
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7 The conductivity, g, of metal wire is estimated by observing a related random

variable, R, which has probability density function

fðrÞ ¼
2r

g2
04 r4g

0 otherwise

8><
>:

(a) (i) Show that
3
2
R is an unbiased estimator of g. (4 marks)

(ii) Given that the variance of R is
1
18
g2, find, in terms of g, the variance of

3
2
R.

(2 marks)

(b) The conductivity can also be estimated by making observations of a random variable,

S, which has mean
1
4
g and variance

1
16
g2. The random variable T is defined by

T ¼ S1 þ S2 þ S3 , where S1, S2 and S3 are three independent observations of S.

(i) Find the value of the constant k such that kT is an unbiased estimator of g.
(2 marks)

(ii) Hence find the relative efficiency of
3
2
R with respect to kT . (4 marks)

(iii) State, with justification, which of
3
2
R and kT is a preferred unbiased estimator of g.

(2 marks)
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